EXPANSIONS IN TERMS OF HEAT POLYNOMIALS
AND ASSOCIATED FUNCTIONS

BY
P. C. ROSENBLOOM AND D. V. WIDDER("

Introduction. A heat polynomial v,(x, t) of degree » is defined as the coeffi-
cient of z*/n! in the power series expansion e=+#:

(1) et = i v(x, 1) ﬁ .
n=0 n!
It is clearly a solution of the heat equation
@ e
axr ot

for all values of the variables. An associated function w,(x, ) is defined as
x —1
w,(x, £) = k(x, v, (—t— , —t—>’

where k(x, t) is the source solution or fundamental solution of (2):

e—::z/U

k(x, t) = W .

Thus w.(x, t) is obtained from v.(x, t) by the familiar Appell transformation
and is consequently itself a solution of (2). Alternatively w.(x, ¢t) may be de-
fined by use of the fundamental solution itself as a generating function by a
series analogous to (1):

0 Zﬂ
Ex — 22,0) = 2 wa(x, ) — -
n=0 7’1«‘
Hence
w,(x, 1) = k(x — 22, 1)
az" 2=0 -

It is shown that the heat polynomials and associated functions form a bi-
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HEAT POLYNOMIALS AND ASSOCIATED FUNCTIONS 221
orthogonal set in the following sense:
3) f (2, —8)wa(x, )dx = dma 0<t< o,

We are thus led to consider solutions of (2) which have one or the other of the
expansions

@ w(@ ) = 3 amn, 1),
(5) u(x, ) = i bawa(x, t).

The coefficients may be determined in the obvious way by use of (3) but they
also have other useful determinations. In fact, both may be expressed in
terms of derivatives as in the case of Taylor’s series. For (4) we have

1 0™u 0, 0)

4 = — — (0, 0);

n! dx»
for (5) see formula (6) below. A relation that is basic in the study of these
series is
- vn(x’ _t)wn(ya S) .

k(x"}’,s_lf)=z

ne=0 nl2n

The domain of convergence of a series of type (4) is found to be a strip
,tl <o; that for (4) a half plane t>0. The extent of these domains can be
determined, as in Taylor’s series, by function theoretic properties of the sum
of the series. Let us outline briefly how this is done.

We say that u(x, {) EH* in a strip a <t <b if it satisfies (2) and has the
Huygens property there; that is,

M%o=f3@—%ww%mm®

for every pair ¢, ¢’ such that a <# <t<b. Membership in class H* is to ex-
pansions (4) what analyticity is to Taylor expansions. For, u(x, ¢) has a de-
velopment (4) in the largest strip It| <o for which u(x, t) S H*.

There is a dual result for series (5). In fact #(x, ¢) has such a development
if and only if

1 0
i, b) = _f e=='g(y)dy,
2 J

and it is function theoretic properties of ¢(y) (its order and type as an entire
function) which determine the extent of the validity of (5). Moreover,



222 P. C. ROSENBLOOM AND D. V. WIDDER [August

$™(0)

(6) bn:n!(_—Zi—)_':.

The known existence of null solutions of (2) (solutions #0 which vanish
identically on a line ¢ = constant) makes it evident that the Huygens property
cannot be enjoyed by all solutions. Hence it is useful to have a working
criterion for the class H*. Here is a very practical one: u(x, ) CH* ina <t<b
if it satisfies (2) and if

f | u(, 1) | k(x, b — )dx
is uniformly bounded on a’ £¢ =¥’ for every pair (¢, V'), a <a’ <b' <b.

The L2 convergence theory of the series (4) and (5) is also studied. The
Parseval relation in particular yields interesting power series in the time
variable. Many illustrative examples are given in the last section.

1. Heat polynomials. We define v,(x, f) as a polynomial of degree =,
homogeneous in x and /2, with coefficient of x* equal to unity, and satisfying
the heat equation
(1.1) ou  du

’ 9xr ot

for all x and ¢. We shall call v.(x, ¢) the heat polynomial of degree n. It is
uniquely determined and is in fact
[n/2] xn—?k tk
1.2 va(x, ) = n! Ig m e
In particular
=1 o= v2=2a24+ 2 ;=234 6xf, v4= x*-} 122% + 12/%

Note that v.(x, ¢) is even or odd with %, as a function of x. Since the coeffi-
cients (1.2) are positive vz.(x, £) is always positive for t>0 and v.(x, ) >0 for
x>0 and t>0.

Let us next obtain the Poisson representation

(1.3) v.(x, 1) = f k(x — y, )y"dy = k(x, 1) * a» t>0,

where k(x, t) is the source solution or fundamental solution of (1.1):
—x2/4t

Rz, 1) = ——— t>0.
’ (4mf) 112

The integral (1.3) is equal to
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ay | _:k<y, D> ( ; ) =y = [ _:k<y, ' (2';) athytidy,

k=0 k=0

But

(1.5) [k, 0ymay = B[ Ceyigy = 2
. . Y, L)yray = (1‘.)1/2 , €’y Y= B!

Substituting (1.5) in (1.4) we obtain (1.3) as stated.
For future reference we record that

(2m)!

n!

(1.6) v2n41(0, 1) = 0, v2.(0, 8) = "

Let us next derive a generating function for the heat polynomials. Using
(1.3) we have for t>0

] n 0 n

2 Z
Z N 'v,.(x, t) = Z N k(x, l) * Xt = k(x) t) * €%,
n=0 7! w0 1!

This exchange of integral and summation signs is valid for all complex z and
for — o <x< o, 0<t< x since

0
f e—(z—u)zlﬂelwldy < o,
—o0

Moreover, it is well known that
(1.7) k(x, ) * €55 = etPers = enetie’,
Here the symbolic operator ¢!®’, where D stands for differentiation with re-

spect to x, serves as a tool for the rapid recovery of such results as (1.7). We
have proved

(1.8) ezttt = 37 ——Y'u,,(x,t) —0 << 0,0<t< ®
n=0 M.

for all complex z.
We easily derive from (1.8) that

(1.9) —6— va(%, 1) = nva_i(x, £), i (2, £) = n(n — Dva_ao(x, ).
ox at

The heat polynomials are closely related to Hermite polynomials. We
adopt the notation
H.(x) = (— 1) Dre",
(1.10)

2 = z”
e = Z ;—' H,(x).
n=0 .
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Comparing (1.8) with (1.10) we have
(1.11)  v,(x, 8) = (=) H, (x/(—40)1?) — o <gx< o, —ow << o,
We recall that the set of functions
e g n=0,1,2,+---,
is closed in L or in L? on the interval (— «, «). By (1.11) this shows that the
set
k(x, Doa(x, —1) n=20,1,2,---

is closed in L or in L?in — « <x < = for each fixed £>0. That is, if f(x) is in
either class and is such that

(1.12) fwf(x)k(x, Dv.(x, —)dx = 0 n=20,12--

for any fixed ¢t>0, then f(x) is zero almost everywhere.

2. The associated functions. Introduce the following notation for solu-
tions of (1.1).

DeFiNiTION 2.1. A function #(x, {)EH in a domain D if and only if
u(x, t) € C? and satisfies Equation (1.1) there.

We shall call functions of class H temperature functions. There is a familiar
transformation due to P. Appell [1, p. 187] which carries functions of H into
others of the class. Thus if «(x, {) €H in D then k(x, t)u(x/t, —1/t) EH when
(x/t, —1/t) is in D. We apply this transformation to the heat polynomials
(1.2), adopting the following notation.

DEerinITION 2.1. FOor =0, 1, 2, - - -

w,(x, 1) = k(x, Hv.(x/t, —1/1) 0<t< oo,

We call this set of functions the set associated with the set of heat polynomials.
By the homogeneity of v,(x, t) we have v,(Ax, —N¥) = Nwv,.(x, —t), or for
A=1/t

va(x/t, —1/8) = t7v.(x, —1).
Hence
(2.1) w,(x, t) = k(x, Hva(x, —0)i™.

Equation (2.1) enables us to obtain from (1.8) a generating function for
the associated set:

i il w,(x, £) = k(x, 1) nz o, —.L) <i>"

o RI12% n=0 n! 2t
k(x ) t))

or
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o0 zﬂ
(2.2) k(x—2z,t)=2~'w,.(x,t) — 0o << 0,0<I< ®

n=0

for all complex z. Comparing this with the Maclaurin expansion

2.3) b= 20 = 3 ko, 1) z)"
we obtain
(2.4) wa(x, 1) = (—2)"k™)(x, 1) n=2012-

Here, and always, the superscript indicates differentiation with respect to
the first argument. If we differentiate (2.3) we obtain

1
'w,.’ (x, t) = — ? 'w,.+1(x, l).

But since
(x — 22)

Rx — 22,1) = — k(x — 2z, 1),

an alternative expression for w, (x, t) is available:

2w (%, 1) = — xwa(x, 1) + 2nw,_1(x, 1), n=12...
This yields the recursion formula

[War1(x, 1) = 2w, (x, ) — 2nw._y(x, 1), n=12-...

A formula analogous to (1.11) is obtained from (2.1)

x
= {—n/2
w,(x, 1) = t2%k(x, 0H”<(4t)1/z)'
And now the familiar orthogonality relations for the Hermite polynomials,

(ﬂ.)lﬂf e—zsz(x)Hn(x)dx = 6m,ncm

—0o0

Cn = nl2»

shows that the set w,(x, t) is biorthogonal to the set v,(x, £):

f W (%, ) vn(x, —1)dX = Oncn 0<t< w,
From (1.12) we see that the set w,(x, ¢), n=0,1, - - -, is closed in L or L2 on
— o <x < o for each fixed £>0.

3. Asymptotic estimates. For further study it is essential to know the
behavior of the functions v.(x, ) and wa.(x, ¢) for large n. For negative ¢ this
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can be derived from the known behavior of the Hermite polynomials. How-
ever, for >0 the argument of H, in formula (1.11) is purely imaginary. Avail-
able asymptotic formulas in this case are inadequate for our purposes, and
we make independent estimates.

We first recall the following formula, H. Bateman [2, p. 201],

T (% + 1) e 12 H ()
(3.1) o

=T(n+1) [COS ((Zn + 12g — —2-> + O(l/(n)”z)],

where the remainder term O(1/(%n)"?) holds uniformly in any finite interval
lxl <R as n—». From this follows in an obvious way our first result.

THEOREM 3.1. For r>0, R>0, n—

va(x, —1) = (2)1/23,zm <ﬁ)n/2 [cos ((2n+ 1) x _ n_lr) + O<—1—>:|,
e (4;)1/2 2 (n)1/2

the order relation being valid uniformly in ]x| =R, t=r.

We record next several simple preliminary results.

LEMMA 3.2. For 02x< o, 0<e< 0, n=1,2, .-

. ) n n/2
xr < et | — .
2ee

This is proved by computing the maximum of e=¢="x".
LEMMA 3.3. For —0o <4 <o, —o<x<o, 0<t< o, 1-44t>0
\ eAz"1(1—441)
3.2) k(x, ) * eA* = m .
This follows from the familiar addition formula
(3.3) E(x, 1) * k(x, 15) = k(x, t1 + 12) t>0,1;> 0.
See, for example, I. I. Hirschman and D. V. Widder [10, p. 177].

THEOREM 3.4, If —0o <x<0,0=5({<0,0<0< w0, n=1,2,---.
ENY2[ 2n(t 4 8)7"/2
|7)n(x, t)| é <1+;> [_(——)] 012/48.

e

From Lemma 3.2 and 3.3 we obtain

n )n/2 eu“/(l—m)

e 0| < b0+ 5l s (= G aar

0=1<1/4e
2ee
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Now choose e=1/[4(¢+8)] to obtain the result. This bound on v.(x, f) is
uniform for — o <x < «. To obtain a similar uniform bound on w,(x, ) we
may use known results for H,(x). From H. Bateman [2, p. 208], for example,

| Hu(x) | < Ae’122n12(nt)1i2 —w<x<w,n=01---,

where 4 is a suitable constant. By use of this formula, equations (1.11) (2.1),
and Sterling’s formula, we obtain

THEOREM 3.5. For —o <x< o, 0<t< o, n=1, 2, .- - and a suitable
constant A
' ) 2ne\2
(3.4) | va(x, —0)| < de™ise( =) nt4
(4
) 2n\"'2 nllt
< —z°/8% - - .
(3.5) | walz, )| < Ae <d> o

4. A generating function. We turn now to the derivation of a generating
function for the biorthogonal set v.(x, —¢), w.(x, £). We need a preliminary
result.

LEMMA 4.1, For — 0o <x< 0,0<t< o, n=0,1,2, -
4.1) va(x, —1f) = f k(r + ix, t)(ir)ndr.

By Cauchy’s theorem the integral (4.1) is equal to

f_:k(r, (x4 ir)rdr = ['ﬁl ( an> xn2% f_:k(r, 1) (ir) *dr

k=0
[n/2] g2k (._t)k

= n!

D oo (n—2E)! B!

Comparing this with (1.2) we have the result.
THEOREM 4.2. If — 0o <x< 0, —0 <y< 0w, —s<t<s
2. Unlx, Hwa(y, s
(4.2) k(x_y,sﬂ):z_u_).
n=0 nl2n
First suppose that 0 =¢<s. From (2.2)

4.3) My — 59 = 3 2

=0 nl2r

Now take the convolution of both sides of this equation (with respect to 2)
with the function k(z, ). We obtain
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n=0 n.

Rx—y,s+1t) =, wn(');,ns)f k(x — 3z, )z"dz.

We have used (3.3) to obtain the left hand side. By (1.3) we have (4.2) at
once provided the term by term integration is valid. A sufficient condition
for this is

0 wa(y, s )

(4.4) Z'——(y—”f k(x — 2,0) | z|"dz < oo.
n=0 n' 2" —»

Using the results of §3 we see that series (4.4) is dominated by

1/2 =) 1/4 n/2 nl/2
A <1 + i) o’ 148 g—" 18s Z " <2_n> (M)
0

n—o 12"\ es e

for any 6>0. The latter series converges for {+8 <s, as one sees by the test
ratio for example. Since § is arbitrary our result is proved for 0 £¢<s. The
proof is not valid for negative ¢ since the addition {formula (3.3) fails if 4 or ¢,
is negative.

For t <0 we employ the following addition formula:

4.5) f k(z + ix, Hk(y — iz, 5)dz = k(x — 3,5 — 1),
valid for — o <x< o, —w <y< o, 0<t<s. Compare 1. I. Hirschman,
D. V. Widder [10, p. 177]. From (4.3)
. © (iz)n
k()’ — 1z, S) = Z —_'— w"(y) S),
n=0 nl2n
and by use of Lemma 4.1 the integral (4.5) becomes

a 'U"(x) _l)wﬂ(y) 5)

(4.6) Bx—y,s =10 =2 '
n=0 n.2"
provided
@.7) Zh”;('yz—s)]f | k(s + iz, )| | 5|7z < .
n=0 niit —c0

The integral is not greater than

© { 1/2 2 I 6 n/2
(4.8) er’/“f k(z, 1) | z|"dz < &1 (1 + —6—> <M>

€

by Theorem 3.4 with x=0. Note that the presence of the absolute value in
(4.8) does not invalidate the estimate. Consequently the series (4.6) is dom-
inated by
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1/2 © 1/4 nl2 nl2
A (i + i) 224ty 8s E n (Z_n) <2n(t + 5))
t 8

=0 1127\ es e

Here we have used inequality (3.5). The latter series again converges for
0<t+8<s, so that (4.7) and hence (4.6) is proved. But this is equivalent to
(4.2) for negative ¢.

As a special case we could set z22=¢/s to obtain a fundamental expansion
for Hermite polynomials,
(y — xZ)2> 2 2" Hu(x) Ha(y) ,

1 — 22 =Z

1 — 292 exp (92 —
( ) p (y = gl

valid when Izl <1. Compare, for example, E. C. Titchmarsh [14, p. 77].

5. Regions of convergence. We wish now to establish that the region of
convergence for a series . a.v.(x, ) is in general a strip |¢| <o and for
> b.wa(x, t) is a half-plane t>¢20. Let us prove some preliminary results.

LEMMA 5.1, If the series
(5.1) D auva(z, 2)
n=0

converges at (xo, to), x>0, £6>0, then

(5.2) a, = O[( 2;0>m] n— o,

We noted in §1 that the coefficients in the expansion (1.2) are positive.
Consequently when x at ¢ are positive v.(x, ) is larger than any term of the
expansion. In particular

@2n)! .
v2n(%0, t0) = 02.(0, £) = to,
n!
2n+ 1! .,
7)2n+1(x0, tO) = . — Xolo

Since the series (5.1) is assumed to converge at (xy, {o) the general term tends
to zero as n— ». Hence

e O(zg(z!n)!) B O[( 4;0)”] o

n! e nt1/2
= o{) - la)™] e
0n2n + 1)! (4n + 2to ,

This completes the proof. Note that the lemma is no longer true if xo=0,
for then a@s.41 may be arbitrarily large and still have (5.1) convergent at
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(0, t5). This is clear since the heat polynomials of odd degree all vanish at
x=0.

LEMMA 5.2. If the series (5.1) converges for each point (x, t) on the line seg-
ment aSx=b, t=10<0, then

e n/2
- of ()
2nl lol
(21‘”)"/2
t=|— = —l
4

Suppose that a.c, did not approach zero as #— ». Then there would exist
an infinite subset of positive integers m for which

| amem| > 4 > 0.

Set

By the assumed convergence of (5.1) we have for a£x b

2 2
a,,.'u,,.(x, lo)

(5.3) lim ———— = 0.

m— a,.Cp
Moreover, the quotient (5.3) is uniformly bounded on a=x=<b. For, by
Theorem 3.1
vm(x, —7) . x mr M

(5.4) |———=— (2= ¥ cos | (2m + 1)1/2 - —) < —

@ 2 )T e
where M is a constant independent of x in a <x=<b. It is thus clear that
Um(x, t0)/cn is uniformly bounded on (a, b), as stated. Hence by Lebesgue’'s
limit theorem

m

2
. b 'Dm(x) tO)
lim

m— © a C

dx = 0.

m

But by (5.4) we have for m— «

2
b v,,.(x, —7)
[rie o,
a Cm

" 4 2 1/2 i il :
_ zj; e 147 cos ((2m+ 1) (41,)112 - T) dx + O((m)‘“)

b b 2m 4+ 1\"2\ 1
f e 1vrdx + (— l)mf cos (( ) x)e’ Mrdx + O( )
a a T (”l‘)l/2
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By the Riemann-Lebesgue theorem the second integral on the right tends to
zero as m— «. We are thus led to the contradiction

b
f e'I*dx = 0.

Our assumption that a.c. did not approach zero must have been incorrect
and the lemma is proved. As in the previous lemma “O” could be replaced
by “0,” but the distinction is unimportant to our purposes. This result is an
analogue of the Cantor-Lebesgue theorem for trigonometric series, A.
Zygmund [15, p. 267].

THEOREM 5.3. If

2n 1
(5.9) lim sup [a,.|2/"—=—< o0

n—w € T

then the series

Z a.v,.(x, §)
N0

converges absolutely in the strip [tl <o and does not converge everywhere in
any including strip.

Note that this statement does not preclude the possibility of the con-
vergence of (5.1) at certain points outside the strip |¢| <¢. In fact this does
occur, as we shall see. The limiting cases 6 =0, ¢ = © may be included in the
obvious way, but let us assume that the right-hand side of (5.5) is a finite
positive number.

If 0<8<1, then (5.5) implies that

n/
Ian!§<e)2, n= N
2nbo

for a suitable integer N = N(6). Hence when ¢>0 the series (5.1) is dominated

by
6 € 2”00’

by Theorem 3.4. But this series converges if {48 <f¢. Since § may be taken
arbitrarily near 1, 8 arbitrarily near 0, the series (5.1) converges absolutely
for 0=t<o.

For t <0 we may use (3.4). The dominant series is now

) © 272 | ! I n/2 e n/2
Ae—=ti8t - nil4
e 2nbo
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and again (5.1) converges absolutely for —o <t <0.

To prove the second part of the theorem let us suppose that (5.1) con-
verged everywhere in the including strip —o <t<d¢’, ¢’>0, or in —d¢’' <t <o,
¢’ >¢. In the former case we may apply Lemma 5.1 to obtain

e n/2
weol()]
21’1«[0

for some ¢y>a. We should have as a consequence that

. 2n 1
lim sup | @, [2/" — < —
n—wo e to

contradicting (5.5). In the latter case we could apply Lemma 5.2 with {, < —¢

to obtain
< e n/2
a, = 0| ——
l: 2n| to I) :I’

2n 1
lim sup | an |2/"— =<
n— o [ |lol

b

an equally definitive contradiction. The theorem is proved.
The series

° n!
u(x, t) = g W V2n41(%, 1)

for which ¢ =1 clearly converges at every point of the ¢-axis. Yet it cannot
converge, according to the theorem, at every point in any strip including
the strip |¢| <o. The phenomenon is a familiar one for series of homogeneous
harmonic polynomials, M. Bocher [6, p. 275].

To state the next result we must first recall the following definition;
R. P. Boas [4, p. 8].

DEFINITION 5.4. An entire function is of growth (p, 7) if and only if it is
of order =<p and is of type 7 if of order p.

In the reference just cited it is shown that the function

@) = Y e
n=0
is of growth (p, 7) if and only if
n
(5.6) lim sup — [ aan’” <.
n—wo  €p

With this notion we can conveniently state cur next result.



1959] HEAT POLYNOMIALS AND ASSOCIATED FUNCTIONS 233
THEOREM 5.5. If

(57) u(x) l) = i a"v"(x7 t)y

n=0

the series converging for ]tl <o, then u(x, t) EH there and u(x, 0) is an entire
function of growth (2, 1/40).

If 0 <ty<o we have by Lemma 5.1 that

e n/2
(5.8) a,.=0( > n— ©,
2nto

Now using Theorems 3.4 and 3.5 we see that the series (5.7) converges
uniformly in any rectangle |¢| <7, || <R for which r <t,.. By Harnack’s
theorem, as applied to series of temperature functions, Ticklind [13, p. 13],
the sum of the series (5.7) belongs to H throughout the strip |t| <o. More-
over, since

u(z, 0) = 2 ana”,
n=0
we find from (5.6) and (5.8) that
n 1
lim sup — | aa |2/ < —
n— o 2e 410

and that «(x, 0) is entire of growth (2, 1/4¢,). Allowing ¢, to approach ¢ we
obtain the desired result.

COROLLARY 5.6. For each fixed t, 0 <t<ga, the series (5.7) converges uni-
formly in any compact region of the complex x-plane.

For, set x=x"+41x". Then from (1.3) we have for lx’l <R
(41rt)”2| (2, £) | < l e—ﬁ/ul f eRlvl /2t e—u2/4t| yl"dy.

Hence in the square |x'| <R, |%”| <R the series (5.7) is dominated by the
series of constants

eR2/t ©

Z [ a,.l fnglvl/we—y’ml yl”dy.
—00

(41I't) 172 n=0

(5.9)

But since #(x, 0) has growth (2, 1/40), so too do

> | a,.| a" and D, [a,.l(—x)”,

n=0 n=0

so that for 0 <t <do’ <o
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2 ol |yl < mein — o <y< o

n=0

for a suitable constant M. Hence the series (5.9) converges because the
integral

0
f eRIvl [2tg—u*I4tgu* 140’ gy
—o0

converges. Hence by the Weierstrass M-test the series (5.7) converges uni-
formly in every square of the complex plane, as we wished to prove.
We turn next to series of associated functions.

THEOREM 5.7. If

. 2n
(5.10) llmsup—e—lb,.l2/"=o< ©,

n— o

then the series
(5.11) > bawa(x, £)
n=0

converges absolutely in the half-plane t>a and does not converge everywhere in
any including half-plane.

If 0<6<1, then from (5.10)

Ibnl é (_e—(:)nﬂ .
2n8

Hence series (5.11) is dominated by

© eo n/2 271« n/2 n1/4
e S (E) )5
> 2nb el AL
by (3.5). But the latter series converges for ¢ <6¢. Since 8 is arbitrary (S5.11)
converges absolutely for £> 0, as stated.

To prove the concluding phrase of the theorem let us assume, contrari-
wise, that (5.11) converged everywhere in a half-plane including ¢>¢. Then

v
=

0

b
Z o v,.(x, _10)

n=0 ¢

would converge for all x and some ¢y <¢. By Lemma 5.2

(G
b, =0 — n— .
2n

That is,
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. 2n
o = lim sup — [ b,.l"’/" = to,
e

n— 0

a contradiction. This concludes the proof. Of course it is understood that if
o =0 then the concluding phrase of the theorem becomes meaningless. For
w,(x, t) is not defined for ¢=0 nor for ¢ <0.

THEOREM 5.8. If
u(x, 1) = 22 bawn(®, 1),
n=0
the series converging for t>0 20, then u(x, t) S H there.

The proof is similar to that of Theorem 5.5 and is omitted.

6. An integral representation of temperature functions. We give next a
characterization of temperature functions which have a Poisson-Stieltjes
integral representation

6.1) ue, ) = [ “h — 3, Diaty).

A variety of necessary and sufficient conditions on u(x, £) has been given to
insure (6.1) with a(y) belonging to one or another class of functions. See, for
example, . . Hirschman and D. V. Widder [10, pp. 17¢-209]. However, the
class that we shall need here seems not to have been treated. A closely related
class was treated by P. C. Rosenbloom [12, p. 196].

THEOREM 6.1. The conditions
(6.2) u(x, ) € H 0<t<eg,
(6.3) f |u(x, l)lk(x,c—l)dx<M 0<t<c¢

are necessary and sufficient that (6.1) should hold, where
(6.4) f k(x, ¢) | da(x)| < o.

First to prove the conditions necessary assume (6.1) (6.4). Then (6.2) is
a known property of any convergent Poisson integral, I. I. Hirschman, D. V.
Widder [10, p. 181]. Also

fw | u(x, ) | k(x,c — t)dx £ fwk(x, c— t)dxfwk(x — 9y, 1) | da(y) ]

= f_ lda(y) [ f_ k(x,c — k(x — v, )dx = fwk(y, c) l da(y) l
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We have used (3.3) and Fubini’s theorem, surely valid in the presence of (6.4).
To prove the converse observe first that
—_ 2 2
_ (y — %) < Ax
44 1 —4A4t

(6.5) Ay?

for — 0 <A< o0, —0o<x< o, —0<y<®, 0<t< 0, 0<1—-4A4¢ This is
equivalent to the statement that

! ( (A — 44p1r2 z >2> 0
u\’ (1 — 44pv2) ~
Now for A>0 set

) = [ “k(x — v, Byuly, Ddy.

By (6.3) this integral converges absolutely when 0 <t <c¢—h. Moreover, by
(6.5) we have in that interval

J— 1/2 )
(6.6) | wa(x, 1) | = (C—ht> e’z““"‘_")f | u(y, t) | k(y, ¢ — t)dy

or
6.7 |wh(x, t)| < Ker'lte, 0<t<c—h—e

Here K is independent of ¢ but may depend on € and A.
We now employ a result which is a consequence of Tychonoff’s theorem,
I. I. Hirschman and D. V. Widder [10, p. 183]. Let us state it as

LEMMA 6.2, If

(6.8) u(x, ) € H a<1<b,
(6.9) | u(x, f)| < Ket', a<t<b,
(6.10) a <t <t<b,

then

6.11) w0 = [ b= 3,0 = Outy, 12y,

the equality holding over that part of ' <t <b for which (6.11) converges abso-
lutely.

Assume that (6.11) converges absolutely for ¢’ <t<p=<b and denote its
value by v(x, t). Hence for any point (x,, o) of this strip and for ¢’ <t <t
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© klx —y,t—1)
ool s [ 2y, )| B = 3,10 = )y
—w k(xo—y)lo_t)

lO —_ t, 1/2 . ©
= (, ,,) croiten [k — 30— )| uty, 1) ay.
- —o0

Here we have applied inequality (6.5). Hence v(x, ¢) satisfies a uniform order
condition of type (6.9) in ¢’ <¢<p—29, 6>0. (Choose to=p—(8/2), for exam-
ple.) Now apply Tychonoff’'s uniqueness theorem to u(x, t) —v(x, £). The
difference satisfies (6.9) and tends to zero as t—t¢ + and hence vanishes
identically in ¢ <¢<p—4. Since & is arbitrary, the lemma is proved. Note
that (6.11) will certainly converge absolutely for ¢ <t¢’'4(1/44) by (6.9) but
may do so in a larger region [4>0].

By (6.7) we are in a position to apply the lemma to wa(x, £) in the interval
0 <t<c—h—e and conclude

(6.12) w;,(x,t+5)=f k(x — y, Hwi(y, 8)dy, 0<6<:!4+6<c—h—e

The integral (6.12) converges for § <t+86 <c—h by virtue of (6.6) with ¢=48.

Now allow & to approach zero. By the fundamental property of the Pois-
son integral defining ws(x, ¢) the left hand side of (6.12) tends to u(x, t+36).
The right hand side is equal to

(6.13) f k(x — v, t)dyf k(y — 2, h)u(z, 8)dz = f k(x — 2,1 + h)u(z, 8)dz
provided

(6.14) f k(x — 2,0+ h) | u(z, 8) | dz < =.

Multiplying and dividing the integrand of (6.14) by k(z, ¢—98) and using
(6.3) and (6.5) we see that the integral (6.14) is finite if 0 <¢+h <c—34. That
is, (6.13) is valid there so that we may use the right hand side of (6.13) to

obtain the desired limit, #—0. The integral is an analytic, much less continu-
ous, function of % so that

u(x, t + 9) =f k(x — 9, Hu(y,8)dy 0<dé<t+d<ec.
Now define for some positive ¢’ <c

5w = [ "Gy, )y, 9)dy.
Then
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f | dgix) | = f k(y, &) | u(y, 8) | dy

c — 6\1/? 0
( > f k(y,c — 8) | u(y,8) | ev'I4e’er’ 14—y

C,

c — 6 1/2 c 1/2
M( - > <M<—,> , d<c—c.
¢ c

Hence the set of functions B;(x), 0 < <c¢—¢’, have total variation uniformly
bounded, so that we may select, by the Helly theorem, a subset approaching
a function B(x) of bounded variation on (— «, «). Let §—0 through this
subset in

IIA

IIA

. * k(x ) I) .
lim ————dBs(y) = lim u(x, { + 9).
-0 J o  k(y, ) -0

By the Helly-Bray theorem we obtain

® k(x -5 t) _ ®
w(z, 1) = f_w o 0) = fwk(x— 3, Ddaly),

_ (7 98
a(x) = f_w 0 o)

Hence (6.1) is established. Inequality (6.4) holds, since

f_:k(x, )| da(x)| = fw[dﬁ(x)l < M<%)1/z.

—0o0

where

The function a(x), in spite of its definition, is independent of ¢’ by the
uniqueness theorem for the representation (6.1). Allowing ¢’ to approach ¢,
we obtain (6.4). This concludes the proof of the theorem.

7. Conditionally convergent Poisson integrals. Under the conditions of
Theorem 6.1 the Poisson integral (6.1) of course converges absolutely. How-
ever, such integrals may converge conditionally, as the following example
shows. Take

#(x) = xe?* sin ¢ 0= x< o,
=0 — o <zx=20.
(7.1) u(x, t) = k(x, 1) * ¢(x)
1 © sin 7
(7.2) (0, f) = A fl - dr,
N

4t
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It is clear that the integral (7.2) converges absolutely for 0 <¢<1/8 and con-
verges conditionally for 1/8 <t <1/4.

By an integration by parts a conditionally convergent integral (7.1) may
be replaced by an absolutely convergent one, from which estimates of mag-
nitude for #(x, {) may be more readily obtained. We need several preliminary
results.

LEMMA 71, If —0 <A< ®, — 0 <B< x, then
[l sl an s ] 4]+ 18]/ Bl

This follows in an obvious way after the change of variable 2B%x—A4
=2B4.

LEMMA 7.2. If — 0o <x< 0, — oo <xo< o, 0<t<ty, then

(7.3) f e G i) i | x —y | dy

—o0

= M(t; to)(l + | x — xol )6(2—20)2/4(10—1)

e—(z—u)zlﬂe(zo—y)z/“o Xo — d
(1.4) f_w | 20 — 3| dy

S M)+ |z — xo[ YeE—z0) 14tt—t)
where M(L, to) is a positive continuous function of t and to for 0 <t <t,.

The integral (7.3) is equal to

0
e(zo—z)zluof e—(to—t)uletoe(z—xo)v/?toI yl dy.
—o0

Apply Lemma 7.1 with

A=(x—x0)} BQ=[0-t-
2ty 41ty
If
M, t) = ——1——-max(i, i, |B|)
| B2 2 2 ’
then
(7.5) 1A+ 1B+ o= m)),

| B

and inequality (7.3) is proved. Inequality (7.4) is established in the same
way; B? is unchanged but now
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X — Xy

2t

A=

However, M(¢, t,) was defined so that (7.5) holds in either case. The con-
tinuity of M(¢, to) is seen from its explicit definition.

THEOREM 7.3. If the integral
(7.6) u(e, ) = [ k=3, 0da)

converges at (xo, to), to>0, then for fixed ¢, 0 <t <to,
(7.7) u(x, 1) = O(e@ =0 14t=0 | x — x| ) [x] — .

To prove this set

v
B(y) = f k(xo — 2z, to)da(z).
0
By the convergence of (7.6) at (xq, Zo)
|8 | < K —w<y<

for some constant K. Integrating (7.6) by parts we obtain

_ © k(x_y,t) jx_y_xo—y
(7.8) u(x, 1) = f_wﬁ(y) B(xo — 9, t0) U 2t 21y }dy'

Now apply Lemma 7.2 to obtain

(10)1/2< 1 n 1
g2 2t 2t

(79) l M(x, l) l =K )M(l, lo)(l —+ I x — xoi )e(x—xo)zluto——l)_

This concludes the proof. Since (7.8) converges absolutely it is clear that
(7.6) converges for 0 <t <to.

COROLLARY 7.4. If (7.6) converges for 0 <t<c then for any fixed t in that
interval

(7.10) u(x, 1) = O(ez'14t=0) | x] — o,
where to is any number between ¢t and c.

For, it is clear that if (7.7) holds for a certain fo then (7.10) holds for a
smaller t,. Since #, is arbitrary in any case we may as well use the simpler
order relation (7.9). Of course the result is best when £, is taken near c.

COROLLARY 7.5. If (7.6) converges for 0 <t<c and if 0 <8<c/2, then
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(7.11) u(x, ) = 0(e'%) | 2] = =
uniformly in 6 <t<c—2a.

For, if ¢y is chosen as ¢— (8/2) in Corollary 7.4 then (7.11) is the worst of
the relations (7.10) for the interval §<t<c—3J, that for t=c—8. Moreover
M(t, t,) has a finite maximum in this closed interval. Reference to (7.9) now
establishes the result.

8. The Huygens principle. As pointed out by J. Hadamard [7, p. 53] this
principle has been given a variety of interpretations by various authors. As
applied to the heat equation in two dimensions we shall make our meaning
precise by introducing the following class H* of temperature functions which
have the Huygens property. Compare E. Hille [9, p. 388].

DeriniTION 8.1. A function #(x, ¢) belongs to the class H* in the strip
a<t<b if and only if u(x, t) EH there and if

(8.1) u(x, ) = k(x, t — ') xu(x, '),

the integral converging for every ¢ and ¢/, a <t/ <t <b.
We show first that a function having a Poisson-Stieltjes representation
belongs to H* in the strip of absolute convergence.

THEOREM 8.1. If
(8.2) ue, ) = [ b= 3, Ddaty)

the integral converging absolutely for 0 <t<c, then u(x, t) EH* there.
For, if 0 <¢ <t<c then

[ Ma=si=vutnay= [ k= ni- iy [Trty = 5, 0a0)

= fwda(z)fwk(x — 9y, 0 —k(y — z,)dz = fwk(x — z, Hda(z).

The interchange in the order of integration is valid by the assumed absolute
convergence of (8.2), and the theorem is proved.

We show next that u(x, ¢) defined by (8.2) belongs to H* even in the strip
of conditional convergence.

TueorEM 8.2. If u(x, t) is defined by (8.2), the integral converging for
0<t<c, then u(x, t)CH™* there and the integral (8.1) converges absolutely for
o<t <t<e.

We may apply Lemma 6.2. By Corollary 7.5 u(x, ) satisfies (6.9) in
0<t=c—4. Hence we need only show that (8.1) converges absolutely for
t' <t<c. Choose ¢, in Corollary 7.4 so that ¢ <¢, <c. Then



242 P. C. ROSENBLOOM AND D. V. WIDDER [August

u(x, ') = O(e‘?“(“’_")) | xl — ®,

from which the absolute convergence of (8.1) is evident. This concludes the
proof. This result shows that although only conditional convergence is postu-
lated in the definition of H*, absolute convergence follows automatically.

An example of a temperature function which does not enjoy the Huygens
property is

u(x, ) = f g(xy, ty?)a(y)dy

where
gz, t) = e* cos (x 4 21) + e2 cos (x — 2¢),

a(y) = y exp (—y*/%) cos (31/2y*%).

The present authors have shown [11] that this function u(x, ¢) belongs to H
over the whole plane, is not identically zero for £>0, yet vanishes for all x
when ¢=0. Hence it certainly does not belong to H* in (—1, «), for example.

It is important to note that if u(x, {) ©H* in two adjoining strips or even
in overlapping strips it need not do so in the combined regions. A case in
point is J. Blackman’s example [5, p. 678]. His example was the special case
—1/4a=1+1 in the following.

Set

(8.3) B(x, 1) = k(x, {) * k(x, a) = k(z, t + a),
where a is a complex number, e =a+i8, « <0, 8#0. Then B(x, ¢), originally

defined by (8.3) for 0 <t <(a?+p82%)/(—«) clearly belongs to H for — © <t <
by analytic continuation. From its explicit form
B(x, 1) = O(er7") | 2] — o
where
-1
g(6) = Re T

By the continuity of g(¢) and the nonvanishing of (¢+a)!/? for — o <t <
it is clear that B(x, ¢) satisfies a uniform condition (6.9) in any finite strip
a<t<b. Hence by Lemma 6.2 we have

(8.4) B(x, t) = k(x,t — ')*B(x, t)

for every ¢, the integral converging absolutely for t—¢' sufficiently small and
positive. But the integral (8.4) will not usually converge for all £>¢'. To get a
clear picture of the region of convergence of (8.4) let us use the complex
t-plane with t=u-+41iv. We may set x=0. Then
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0

1
(8.5) B(0,¢) = m = f_wk()’, t — t')B(y, t')dy,

and the analytic function B(0, ¢) has a singularity at t= —a, a point off the
real axis (85£0). The integral (8.5) may be regarded as a Laplace transform
in 1/(¢t—¢") of a simple exponential function so that its region of convergence
is well known:

-1
4 —3 —_—_——

w—p =Ry
But this is the interior or the exterior of a circle tangent to the line u=¢ at
(¢, 0) and passing through the point (—a, —fB) according as #'4+a<0 or
t'+a>0. That is, if ¢’ +a <0 then (8.5) converges for all real ¢ on the diam-
eter of this circle and in no larger interval. Or if ¥ +a>0 it converges for all
real t>1t'. Thus, for example, B(x, t)EH* in — » <t<—aandin —a<t< «.
Or it also belongs to H* in the region 0 <t< —(a®+4p3?%/a which overlaps
the two former ones but it does not do so in the combined regions. More
generally, for any ¢>0 B(x, t) ©SH* in the interval

< o+ 8%+ ca )
(;-{—a y C ).

Re

It is the position of the singularity of B(0, t) which governs the size of the
strip of convergence of (8.4).

9. A monotonic property for certain integrals. The integral (6.3) is a de-
creasing function of ¢. In fact we can prove this for a more general integral as
follows.

THEOREM 9.1. If u(x, t) EH* in a <t<band if p=1, then the integral
9.1) JTo(t) = f | u(x, 1) |?k(x, b — t)dx
is nonincreasing in (a, b) wherever it is finite.

For, by the definition of H*
(9.2) u(x, ) = fwk(x — 9y, ¢t — uly, ¢')dy a<t<t<hb.
By Hélder’s inequality if p>1 and directly if p=1
9.3) | ux, |7 < f Tk = 30— ) uly, 0) dy.

Here we have used the fact that
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(9.4) fmk(x -y, t—)dy = 1.

Hence

Jo() = fwk(x, b— l)dxfwk(x —y,t—=1t) I u(y, ') lpdy

= [Vt 2 1ray [ Th 5 = 0kx = 3,4 = 1102 = 1,(0).

—00

The interchange of the order of integration is valid by Fubini’s theorem pro-
vided J,(¢') is finite. Thus if J,(#') < «, then J,(¢) is finite and decreasing in
(¢, b), and the proof is complete.

The counterpart of this result for p= « is also true.

THEOREM 9.2. If u(x, t)EH* in a <t<b, then
Jo(t) = lub. |u(x, 0|

—w<z<®
is nonincreasing in a <t <b wherever it is finite.
From (9.2) and (9.4) we have
| u(z, )| < Jo(t)
if J(t') < . Hence J,(t) £J,(t') as stated.
THEOREM 9.3. If u(x, ) EH* in 0 <t<b and p=1, then
(9.5) Ky() = — f - luwol
tJ_o  k(x0)
is nonincreasing there wherever it is finite.

We note first that if 0 <#' <¢ then
© b(x—y,0— 1 1
f (x—y )d

k) TV w0

This follows easily from Lemma 3.3. Now using (9.3) we have

(9.6)

K,(t) < lfw o fwk( t— )| uly, t) |7d
s — x— 9yt — u(y, P
AET) L kEy JT T 7 Y

1 = ® k(x —y,t— 1)
= — vy Pdf —_—
tf_wlu(y )lrdy —e k(x, 7) *

By (9.6) this is equal to K,(¢'), and the result is proved.
Preliminary to the next result we record several lemmas.
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LEMMA 94. If ¢p(x) EC' in (— ©, ©) and
9.7 u(x, 1) = k(x, 1) * ¢(),

the integral converging absolutely at x =0, t=t,, then

R
(9.8) o(y) = lim k(x + iy, to) u(ix, lo)dx — o <y < o,

R—w —R

This is a known inversion formula. Compare I. I. Hirschman and D. V.
Widder [10, p. 176] or E. Hille [8]. We apply it to the proof of the next
result.

LEMMA 9.5. If u(x, {) EH* in a <t <b, then

9.9) u(y, t') = f k(x + iy, t — )u(ix, H)dx
for a <t <t<b.
Choose a number a’, a <a’ <#. Then
u(x, £) =f k(x — v, ¢t — a)u(y, a')dy ad <1<,

the integral converging absolutely by Theorem 8.2. Hence

(9.10) | u(iz, )| < e=*140=an f k(y, t — a) | u(y, ') | dy.

Now invert the integral
0.11) ute, ) = [ ke = 3,0 = Outy, Oy

by Lemma 9.4. All hypotheses are satisfied. The integral (9.11) converges
absolutely by Theorem 8.2. Moreover, by virtue of (9.10) the integral (9.9)
converges absolutely since 4(¢—a’) >4(¢—¢'). Hence Cauchy'’s principal value
(9.8) is not now needed. The conclusion is (9.9), as stated.

THEOREM 9.6. If u(x, t) CH* in 0<t<b and p=1, then
I,() = f | u(ix, t) I”k(x, t)dx
is nondecreasing there whenever it is finite.

By Lemma 9.5

u(iy, V) = f Bz — 9,0 — Oulin, dz, 0 <t <1<b.
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Hence

l u(iy, ') IP < f k(x —y,t = 1) l u(ix, t) "’dx,
L) < f Ky, )dy f Bz — 3,0 — )| uix, 1) |rdx

< f i | u(ix, 1) |Pk(x, Hdx = J,(0),

—0

and the result is proved.

A glance at the proof of Theorem 9.1 will show that if u(x, £{)=0 then
Ji(¢) is constant. A generalization of this result is contained in the following
theorem.

THEOREM 9.7. If u(x, ) EH* in a <t <b, v(x, t) SH* in a < —t<b, and if

(9.12)f ‘u(x,t)ldxf k(x — 3,0 =0 oy, =) | dy < » a<i<l<b,

—x

then
(9.13) fwu(x, No(x, —l)dx

is constant for a <t <b.

By the defining property of IT*

u(x, f) =f Elx — y, 0 — ")u(y, ')dy a <!t <t<hb,

v(x, —1) = f E(x — 2,0 — De(z, —{")dz a <t <! <b.

The integral (9.13) is equal to

f dxf k(x — y, 0 — Huly, t’)dyf k(x — z,t"" — DHo(z, —t")dz

—» —%

=f u(y, t’)dyf v(z, —t")k(y — 2,/ — ')dz = f u(y, ')v(y, —1")dy.

That is, the integral (9.13) has the same value at ¢ and ¢'. The interchange
of integrals is justified by Fubini’s theorem, valid in the presence of hypothe-
sis (9.12).

CoroLLARY 9.8. If u(x, t) or v(x, —t) is a function of one sign on (a, b)
hypothesis (9.12) may be replaced by the absolute convergence of (9.13).
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10. A criterion for the Huygens property. It is clear from Theorems 6.1
and 8.1 that if

(10.1) f Iu(x,t)lk(x,c—t)dx<M 0<t<e
then u(x, t) EH* on (0, ¢). But this sufficient condition for H* is not neces-
sary. It is easy to see that the second associated function w,(x, ¢), for exam-
ple, belongs to H* on (0, «), but for it the integral (10.1) becomes

1 © 1 6—1/2 1 1/2
-t—f k(x,t)k(x,c—t)|x|dx=—-(——-——) .
—® T

t c

This function becomes infinite as #—0+ so that (10.1) cannot be satisfied for
any M. But this example suggests modification of the condition (10.1) to
make it necessary and sufficient. It is simply that (10.1) should hold in each
subinterval of 0 <¢<c¢. We introduce the following definition.

DeriNITION 10.1. A function «(x, £) belongs to class 4 on a <t<b if and
only if u(x, t) EH there and there exists a positive function M(a’, b’') defined
for a <a’ <b' <b such that

(10.2) f | u(x, 1) | k(x, b — f)dx < M(d', ') a <t<Vy.

—00

In the above example Wi(x, {) €4 on 0<t¢< «, for the function M(a’, b’)
may be taken.

!’ ! <b’)_ll2 1 1 e 7 /7
Md,b)=—r|——— 0<d <¥ < o,
T a b

This example showed that (10.1) may give trouble at the left end of the inter-
val in which H* holds. There may also be trouble at the right end. For exam-
ple, if

(10.3) u(x, ) = k(x, t) * e’l%

we have

© 1/2
f |u(x,l)lk(x,b’—t)dx=( Cb,) 0<t<d.
c —

—o0

If & were replaced by ¢, condition (1) would fail. But the function (10.3)
obviously belongs to H* and to 4 on (0, ¢). Here

c 1/2
M@, b) = .
(@, ¥ (C : b,)

We now show the equivalence of classes 4 and H*.
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THEOREM 10.2. The function u(x, t) EH* on a <t<b if and only if u(x, t)
& A there.

First assume u(x, t) EH*. Then
(10.4) u(x, t) = f k(x — 9,1 — )uly, t')dy a<t <t<b.
By Theorem 8.2 the integral (10.1) converges absolutely. Hence
(10.5) Ja(t) =f Ry, o — )| uly, )| dy < o a<t<¥ <b.

By Theorem 9.1 with p=1 the integral (10.5) is a nonincreasing function
of ¢ so that

Ji(t) £ J(d) ad <t<b.
Hence u(x, {)EA4 on (a, b) and we may take
M@, b)) = Ji(a').

Conversely, assume (10.2). By Theorem 6.1

ute, ) = b — 3, — o)daly),

the integral converging absolutely in o’ <t<b'. Hence by Theorem 8.1
u(x, ) EH* in @’ <t<b'. But since a’ and b’ are arbitrary the property also
holds in a <t <b, and the theorem is proved.

It is interesting to apply this criterion for H* to Blackman’s function
B(x, t) of §8. We have for arbitrary ¢

© © k(x,c — ¢ a(t)z2d_
T = f | B(x, t) l k(x,c — Hdx = f ((z‘:‘ ; +)Z| )1/;

1
[t + a2 + B2]1[1 — 4(c — Dg®] 2’

1 — 4(c—ngl) > 0.

Here

-1 1 (t+ a)

) =R = - 7 .
80 = Re o L+t

Hence Ji(¢) is finite and B(x, {) EH* when

o+ B2+ ca

- T <t<y
a+c

a result established in §8 by another method.
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For future use let us show that the functions v.(x, £) and w.(x, t) belong to
H*,
THEOREM 10.3. For n=0,1,2, - - -
v.(x, £) € H* — o <1< o,
w,(x, 1) € H* 0<t< oo,

For v.(x, t) the result is obvious on (0, ©) by (1.3) but is less easily proved
for (— 0, »). Using (1.2) we have

f k(x — y,t — )va(y, 1')dy

hd [n/2] n!(t')" yn—2k
10.6 =ka— =1 dy,
(106 B I P vl o T Tt
2 ()
(10.7) = ¥ Lvn_gk(x,t— ) —w <P <t< o,
k=0 Rl(n — 2k)!
But from (1.9)
(n — 2k)! oF
1'n—2k<xv t = [,) = v"(x) = tl)'
n! otk

Substituting this in (10.7) that sum becomes the Taylor expansion of v,(x, ?)
so that the integral (10.6) has the proper value as required by the property
H*,

For w,(x, t) it is more convenient to show it of class 4. Since v,(x, {) EH*
on (0, «) we have by Theorem 10.2

f | v, (%, £) l k(x, —)dx < M 0<i<e

—o0

By (2.1) we have for 0<t<c, since lvn(x, —-t)l <v.(x, t) there,

fw I wa(x, 1) | k(x,c — 1) dx = li"fw | v.(x, —1) | k(x, Hk(x,c — t)dx

—o0

1 1 ®
=< f | v.(x, 7) I k(x,c — )dx <

= (412 " (4mt)ti2m”

Since ¢ is arbitrary wa(x, {) €4 in 0 <t< «, as required.

11. Heat polynomial expansions. We show now that the Huygens prop-
erty H* is necessary and sufficient for the expansion of a temperature func-
tion in a convergent series of heat polynomials.

THEOREM 11.1. A necessary and sufficient condition that



250 P. C. ROSENBLOOM AND D. V. WIDDER [August

(11.1) u(x, ) = i a.0,(%, 1),

n=0

the series converging for ltl <o is that u(x, t) EH* there. The coefficients a, have

either of the determinations
u™(0, 0
(11.2) a, = (—) )
n!

1

nl2n

(11.3) a, = f u(y, —w.(y, H)dy 0<t<o.

Let us assume first that u(x, {) EH* in Itl <o and prove (11.1). Then
(11.4) u(x, 1) =f k(x — y,t — uly, t')dy —o<l'<t<o.
Let us choose ¢’ negative. By Theorem 4.2
t vn(xy t)w"(y) _ll)

k(x_yat_tl)=2

n=0 nl2n

Inserting this series in (11.4) and integrating term by term we obtain (11.1),
(11.3). The step will be valid if

(11.5) 3 | )

n=0 n!2n

lf | waly, =1)u(y, 1) dy < .
Using Theorems 3.4 and 3.5 we see that the series (11.5) is dominated by
t\12 | 2n(t + 8) \*/? 2n \"/?
(o3 (P (e
( ) ,.z,% ni2n e e t']

' f e3¢ | u(y, 1) | dy

—

(11.6)

for =0 and by

A2e—3i8t = 1 2l tl\"2 2 ni2 o
11.7) ‘ Z (nl |> ( nl) n‘”f e””“'[u(y,t’)[dy

(|e]HveaZo nizn e el t —w

for £<0. In each case the series converges, (11.6) for t+8<|#|, (11.7) for
|¢| <|#] if only the integral involved is finite. Admitting this for the moment
and recalling that 8 may be chosen arbitrarily small we see that series (11.1)
converges absolutely to u(x, t) for |t| <|#|. Since # may be chosen arbi-
trarily near —a, (11.1) converges for |¢| <o as desired.

The integral (11.6) is finite. For, choose ¢ between —¢ and ¢. Then the
integral (11.6) is dominated by
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=0 [ ut, )| By, ¢ = ay,
which is finite by Theorem 10.2.
Since

u(x, 0) = E ax"
n=0

is a power series, the first determination (11.2) of a, is immediate. The second,
(11.3), was obtained in the course of the proof, but it remains to show that
the integral (11.3) is independent of ¢ in (0, ¢). This follows from Theorem
9.7. It is applicable since u(x, {) EH* on (—a, 0) by hypothesis and w,(x, t)
E€H* on (0, ») by Theorem 10.3. Moreover the integral (9.12) converges
on (0, o) by comparison with the integral (11.6). This concludes the proof
of the sufficiency of the condition.

Conversely, suppose now that (11.1) holds for Itl <o. Choose a number
¢, 0 <c¢ <o, and consider the integral

(11.8) fwk(x — 9, ¢+ )uly, —c)dy.

We shall prove it equal to «(x, t) for ]tl <c. Substitute the series (11.1) in
the integral (11.8) to obtain

Z anf k(x — ! + C)’L‘n(y, —C)dy = 2 anvn(x, t) = u(x’ t)
n=0 —0 n=0

provided the term by term integration is valid. We have used the fact that
va(x, t) EH*, as proved in Theorem 10.3. It will be sufficient to show that

(11.9) Z|an|f kx — y,t+ o) | valy, —¢) | dy < —c<t<e

n=0

By (3.4) series (11.9) is dominated by

o 2ne\"? * .
11100 4% el (= n1/4f E(x — 9, t + Q)er'ltedy,
n=0 —c0

The integral clearly converges for —¢<t<c¢. By Lemma 5.1

e n/2
S
2nty

for any positive £, <o. Choose ;> ¢ so that series (11.10) converges. Hence the
integral (11.8) is equal to u(x, ) for |¢| <¢, as stated. This does not quite
prove the property H* in (—o, ¢) because of the restrictions thus far imposed
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on ¢ and ¢, |tl <c. But since u(x, t) is equal to the absolutely convergent
Poisson integral for |¢| <¢ we have by Theorem 8.1 that u(x, {) CH* on
|t| <o, as stated.

THEOREM 11.2. If

(11.12) u(x, 1) = D auwn(x, f),
n=0
the series converging for |t| <o, then
(11.13) n = — f u(ix, Hw,(x, £)dx 0<t<o.
Qi) J

That is, besides the real determinations (11.2), (11.3) there is also the
complex one (11.13). Observe that (11.3) involves the values of u(x, ¢) for
negative ¢, that (11.13) involves the values for positive ¢.

By Theorem 11.1

(11.14) u(x, t) = fwk(x — ¥, Du(y, 0)dy 0<t<oa.

For any fixed ¢ in this interval the integral (11.14) is e=*"/4t multiplied by a
bilateral Laplace transform in —x/(2f) which converges for — o <x< .
It is consequently an entire function of x. The same is true of the sum of the
series (11.12) by Corollary 5.6. Since the two functions are equal for real x
the expansion (11.12) must also hold for all complex x and in particular

(11.15) u(ix, ) = 2 anva(ix, £) 0<t<o.

n=0
By the homogeneity of v.(x, £) we have

(1%, £) = "0, (x, —1).

From Lemma 9.5 we have
(11.16) u(ix, 1) = f k(x — y, ¢ — Du(iy, ')dy 0<t< V<o
Now expand the kernel by Theorem 4.2,

2. va(x, _t)'wn(y; 1)
(11.17) Rz — 9,0 —1) = 2 .

n=0 nl2n

Inserting the series (11.17) in (11.16) we have

(1.18)  w(in, ) = 3 Auon(®, —8) = 3 Au(—i)a(is, 1),

n=0 n=0
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0

1
(11.19) A4, = g u(iy, wa(y, t')dy 0< <o.
ni2nd _,

The integral (11.19) is constant. For, by (11.16)

0

f u(ix, Hw,(x, )dx = fw'w,,(x, t)dxfwk(x — 3, ¢ — Huliy, I')dy

—w —o0

(11.20) B
= [ wtiv, iy, 105,

since w,(x, ) EH* on (0, »). We shall see in a moment why Fubini’s theorem

is applicable here. If we compare coefficients in (11.18) and (11.15) we see

that 4,=1"a, and formula (11.13) follows. To verify the term by term

integration of series (11.17) we again use Theorem 3.5 to obtain the dominant

series

A2 =1 2m\M? [ 2n\"? ®
(121 e eﬂ/s:Z 12 <_> (7) nllzf e
n=0 RI2™"\ € e —w

By (9.10)

u(iy, t') | dy.

| u(iy, t)| - O(ey’/m—a)) | yl —

where a may be chosen arbitrarily near to —o. The integral (11.21) is thus
seen to converge for 0 <¢ < —a and hence for 0 <t <¢. The series (11.21)
converges since t<t. Now observe that thr convergence of the integral
(11.21) is sufficient to validate the use made of Fubini’s theorem in estab-
lishing (11.20). This concludes the proof of the theorem.

12. Expansions in terms of the associated functions. We now obtain two
necessary and sufficient conditions, of different types, for the validity of ex-
pansions in terms of the w,(x, ¢).

THEOREM 12.1. A necessary and sufficient condition that
(12.1) u(x, ) = 2 bawa(x, 1),
n=0

the series converging for t>a 20, is that

1 0
(12.2) u(x, f) = Z_f e (y)dy e <1< o,
TV
where ¢(y) is an entire function of growth (2, o) and
@) (0
bn=¢—(,) n=0,1,2, -
nl(—24)"

We prove first the sufficiency of the condition (12.2). It is well known
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that the source solution k(x, t) has an integral representation (12.2) with

o(y) =1,

1 0
k(x,t)=2—f ev='dy —o << 0, 0<t< o,
TJ

From (2.4) we have for n=0,1,2, . - .
1 ©

(12.3) wa(x, 1) = é_f izt (—2iy)ndy —0o <2< 0,0<t< >,
TV

Now expand ¢(y) in power series,

o(y) = i ay",

n=0

and substitute in (12.2), using (12.3),
1 ) ) . 0 0 an
ue, ) = — [ o=t Sagrdy = B e, ).
27r —o0 n=0 n=0 (_21)"
The operation will be valid if
(12.4) [Tew S lal Iyl < .
— n=0
Since ¢(y) has growth (2, o) the same is true of
Tlady or X el (=mm
n=0 n=0
from which it follows that
E|an||y|"<Me””2 —o < y< ®
n=0

for any ¢’ >0 and a suitable constant M. Hence the integral (12.4) is dom-
inated by

)
2 2
M f WiV dy,
—0

which converges for t>¢’. Hence (12.1) is valid for ¢>¢ and
a, ¢™10)
T (=2)" nl(—20)"

n

For the converse assume the expansion (12.1). Choose ¢>¢. Since the
series
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> bava(x, =)t

n=0

converges for all x on the line t=c¢ we may apply Lemma 5.2 to obtain

ce H?
(12.5) b"=0<[ﬂ:| ) 7— o,

Now replace w,(x, t) by the integral (12.3) in the series (12.1) to obtain
1 & “ . 2 N 1 © . 2
(12.6)  w(x, f) = — 3 b, e (—2iy)"dy = —f e ¢ (y)dy,
2 n=0 —0 27 -
where
o(y) = Z ba(—2iy)" = E any".
n=0 n=0

To justify the formal work we show that

(12.7) f e Y | bal | 2y]mdy < .
) n=0
By (12.5)
n | an lz/n
lim sup <c
n— o €

That is, ¢(y) is of growth (2, ¢) for every ¢>o and hence also of growth
(2, o). Hence as before the integral (12.7) converges for ¢t>¢, and u(x, ¢)
has the representation (12.2) as desired.

Our second criterion is more closely analogous to Theorem 11.1. We need,
however, a preliminary result.

Lemma 12.2. If
1 0
(12.8) u(e, ) = = [ o)y,
T

where ¢(y) has growth (2, o), then for each c¢>a there is a constant M(c) such
that

(12.9) l u(x, t)] =< ( e 140+ c<t< o,

L — c)l/?

Let us shift the path of integration in (12.8) from the real axis =0 to
the line n=A4 in the complex y-plane, y=£+19. This is possible, by Cauchy’s
theorem, since
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A .
f eiz(R+in)—t(R+iq)2¢(R + i,,)dnl
0

4
= N(c)e‘”’z"’mzf e‘”*"'2+"'2| dnl = o(1) | R[ — o,

0
Here we have used the assumed order of growth for ¢(y) to obtain
|6t + in) | < N(Q)esw+m,

where ¢>¢ and N(c) depends only on c.
Using the new path of integration we have

m

1 ]
u(w, o) = o [ esereinta e 4+ ia)d,

N(c ®
| u(x, )| = —29 g~ AztaTired’ f e et dg c <1< o,
™ —0
Now choose 4 to make the right-hand side minimum; that is

x

4 = .
2(c + )

Then
N(c)e=" 14+

|u(x,t)|§m c<t < o,

Defining M(c) in the obvious way this inequality becomes (12.9).
We can now prove our second criterion.

THEOREM 12.3. A necessary and sufficient condition that

(12.10) u(x, t) = i bawa(x, 1),

n=0

the series converging for t>a =0 is that u(x, t) S H* there and that

(12.11) f | w(x, )| e*1%tdx < o o <t< ®,

—o0

The coefficients b, have the determination

1 ©
(12.12) by = o u(x, Hoa(x, —i)dx o<t < o,
nl2nd _g
Observe that for the expansion (12.10) the condition u(x, {) EH* is not
sufficient. For example, the function u(x, {) =1 belongs to H* in (— «, ).
But it has no expansion (12.10). For, if it did we should have by Theorem 12.1
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1
1= -—f et (y)dy.
2T

But the right hand side —0 as x— « by the Fourier-Lebesgue theorem, a con-
tradiction.

Let us first prove that if condition (12.11) is added them the expansion
(12.10) is valid. By the H* assumption

u(x, £) =f k(x — y,t — Duly, t')dy e <<t oo,
By Theorem 4.2

< 0.(y, —tHw.(x, ¢
Ma— i) = 3 (y ') ( )’
n=0 nl2n

whence (12.10) follows after a term by term integration, valid if

E | wa(x, 2) |

n=0 n|2n

But by (3.4), (3.5) this series is dominated by

N\ [ 2t \ 2 - i
=) (F) e [ Lt g1,
n=0 112" e —o

A?
L]
(12.13) = D>

| u(y, )va(y, —1t) l dy < o,

By the hypothesis (12.11) the integral (12.13) converges for ¢’ >¢ and the
series (12.13) converges for ¢’ <, so that the expansion (12.10) is established.
The integral (12.12) is independent of ¢ by Theorem 9.7. It is applicable since
u(x, £) EH*, v,(x, t) EH* for ¢ <t< o and

f | u(x, 1) | dxf kx —y, 1 — t)ev 18¢dy
20 1/2 \ ©
= ( ) f I u(x, t) Iet 140+ e é f | u(x, t) | ezz/s‘dx < o,

t+ — —

c<t<{t.

That is, inequality (9.12) follows from (12.11).
Conversely, let us assume the validity of the expansion (12.10). By
Theorem 12.1

1 0
e O

where ¢(y) is of growth (2, ¢). By Lemma 12.2

M(c)
(l — C)llﬂ

(12.14) ] u(x, 1) | < e 14+ c<c<t< o,
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Hence

® : M(c) ®
| u(x, 1) l e 13 dx < e (maldtittady < oo c<t< o,

— (t =

Since ¢ is arbitrary (12.11) is proved.

That u(x, t) EH* in 0 <t< » follows from Lemma 6.2 if we observe from
(12.14) that u(x, t) is uniformly bounded in the half-plane ¢=c¢+4 for any
8>0. That is, u(x, )y EH* in (c+6, «) and hence in (¢, «). This completes
the proof of the theorem.

13. L? expansions. Let us turn next to expansions in terms of the heat
polynomials where the convergence is now to be taken in the L? sense.

THaEOREM 13.1. If u(x, {) CSH* in —0 =t <0 and if
(13.1) Jo(—0) =f | u(x, —o) |%k(x, 0)dx < o,

—o0

then for —o =t<0

© N 2
(13.2) lim B(x, =) |u(x, 1) — D anva(x,0) | dx = 0
Now —o n=0
and
(13.3) f k(x, —0) | u(x, ) |2dx = 25 n!2] t] )] an 2,
—0 n=0
where
1 0
(13.4) a, = o u(y, Hw.(y, —t)dy -0 21<0.
ni2*rJ _,

In other words, for each fixed ¢ in —a £¢<0 the series

(13.5) 2 auva(x, £)
n=0
converges in mean (with weight function k(x, —¢)) to u(x, t). Equation (13.3)
is the corresponding Parseval relation.
By Theorem 9.1 with p=2, ¢c=0 we see that J,(f) is nonincreasing in
(—a, 0). By (13.1) it is then finite throughout the interval. Since

x
(13.6) v.(x, —8) = ("*H, ((41)‘/2>

we may apply the familiar L?-expansion theorems tor Hermite polynomials.
Compare, for example, E. C. Titchmarsh [14, p- 79]. Following Titchmarsh,
set for n=0,1, - - -
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(13.7) Va(®) = doHo(x)e="12, d, = (2*nlxl/z)—10e,
These functions form a complete orthonormal set (weight function 1) on

(— «, «). Hence we have the L? expansion

w((4) 2%, —1)e=="12 ~ i (DY (x) 0<t?t=o,
n=0

(13.8) 3}
a,.(t) = f e~ 12u(x(40) 12, — )Y, (x)dx.

That is, for 0 <t=¢

© N
lim ! w(x(40)1/2, —f)e="12 — 2 a, (DY (x) lzdx =0,
— 0 —c0 na=0
or by (13.6), (13.7)
) N 2
lim R(x, 0) [ u(x, =) — 2 an(@)va(x, —8)dnt'2| dx = 0.
Now J _o n=0
Since
wa(x, 1) = k(x, )12 H, (x/(4£)12) 0<t< oo,

the integral (13.8) becomes

a.(?)

(r)llzdnl"lzf u(x, —w,(x, )dx,

1

nl2»

0
a, (), f u(x, —)w.(x, t)dx.
But this integral was shown independent of ¢ in the proof of Theorem 11.1.
Defining it as the constant a,, as in (13.4), equation (13.2) is proved.
Parseval’s equation is

f | u(x (412, —i) 2e'dx = 3 | aa(® [P = 32 | an |27,

n=0 n=0

0

fw | u(x, —1) |2k(x, Hdx = D n!(Zt)"I an |2,

—0 n=0

and the theorem is proved.
Under the assumption of the theorem that u(x, —a) (k(x, ¢))/2& L2, the
representation

(13.9) a0 = [k = 3,14 uty, ~o)dy,
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valid by the H* hypothesis for —¢ <¢ <0, may be used to extend the defini-
tion of u(x, ¢) to the larger region —o <¢<o. For, the integral (13.9) con-
verges there by the Schwarz inequality,

[f_:k(x —yt+0)|uly, — o) dy]z

° k(x—y,t‘l'ff)z
éf_w k0, )

The second integral on the right converges by (13.1), the first converges for
—o <t<g. By Theorem 11.1 the series (13.5) also converges in the pointwise
sense to u(x, t) on (0, o). But it need not converge in the L? sense there. This
should not be expected since the sequence e*'/3%,(x, £), #=0, 1, - - - forms
an orthogonal set on (— «, «) for ¢ <0, but the functions of the set do not
even belong to L? for t>0. What is true for t>0 will appear in the following
theorem.

TuEOREM 13.2. If u(x, t) EH* in 0 <t <0 and if

iy [k, o) uty, =) |10y

Iy(0) = fw[ u(ix, «{) Pk(x, o)dx < o,

—o0

then for 0 <t<go
© N 2
(13.10) lim k(x,0) | u(iz, §) — D awva(x,8)| de =0
Now —o0 n=0
and
(13.11) f k(x, b) | u(ix, 0) |2dx = 2 nl(20)"] a. |2,
—0 n=0
(13.12) f E(x, Duix, )%dx = 3 nl(—20)"| a. |2,
—w n=0
where
(13.13) A = — f u(ix, Hwa(x, £)dx 0<¢=o.
2! J o

By Theorem 9.6 the finiteness of I5(f) at ¢ =0 implies its finiteness in (0, o),
so that u(ix, t)k(x, )Y2€L? on (— «, =) for each fixed ¢ in that interval.
Hence as in Theorem 13.1

(13.14) w(in(40)12, 1)e="12 ~ i ¢, (Y. (x),

ne=0

where



1959] HEAT POLYNOMIALS AND ASSOCIATED FUNCTIONS 261

a,(t) = f w(ix(4) 112, t)e=" 1%, (x)dx = 71/2d, 1712 f u(ix, Hwna(x, )dx.

That is,
© N
lim | w(in(at)1r2, He="12 — 3 au()¥a(x) |2dx = 0,
Now —0 n=0
(13.15) - ¥ \
lim k(x, 8) | u(ix, 1) — D du(—8)"2a,(t)v,(ix, £) | dx = 0.
N—w — n=0
If we define
(~p=r o
(13.16) an = du(—1)"2%,(1) = ———Tz——f u(ix, )w,(x, £)dx,
nilr —w

then (13.15) becomes (13.10) and (13.16) becomes (13.13). It was shown in
the proof of Theorem 11.2 that the integral (13.16) is constant.
Parseval’s equation applied to (13.14) gives

L

f ) | w(iz(dt)t2, 1) 2e="de = 3 | aa(f) |2,

© n=0

or the same equation with absolute values removed. Using (13.16) and mak-
ing an appropriate change of variables these equations become (13.11) and
(13.12), respectively. This concludes the proof.

14. L2 expansions in series of associated functions. We derive next re-
sults for the series

u(x, ) = E bawa(x, £)
n=0
analogous to those of the previous section for series of heat polynomials.

THEOREM 14.1. If u(x, t) EH™ for t2a>0 and if

(14.1) Ka(o) = ifm ECLI w,

o J_ o k(x,0)

then for t=o

0

N 2
u(x, £) — 2 bawn(x, £) |dx = 0

n=0

(14.2) lim
Now J o k(x,0)

and

(14.3) fw de= i n!(%)nl b2,

— k(x, ) n=0
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where

1 ©
(14.4) b, = — u(x, Ho.(x, —f)dx gt < >,
nl2nJ _,

By Theorem 9.3 inequality (14.1) implies that K,(f) < « for ¢ <t< .
That is, ]u(x, t) | /k(x, )V2EL? on — o <x< » for each fixed t=¢. Hence

(14.5) W4, et o 3 bu(in(s),
n=0
) = [ " (40172, e (x)dx
(14.6) -
dut12

B (4112 fw“(x» )va(x, —t)dx,

or

0

lim

N 2
u(x, ) — (@rt)i2 D dutr2b,(Hw,(z, ) | dx = 0.
Now J o k(x,0)

n=0

This is equivalent to (14.2) if
(14.7) by = (4m0)V 1%, () d it

But (14.7) and (14.6) give the integral determination (14.4) of b, as desired.
We saw in the proof of Theorem 12.3 that the integral (14.4) is independent
of ¢. Finally Parseval’s relation applied to (14.5) gives

® 2 — S 2 1 S _E_" 2
f_w|u(x(4t>/,,)|ezdx_z 520 | “4,(,r>uz:,§,"‘<,) 5.2

n=0

This equation is (14.3) after a change of variable, and the proof is complete.

Note that equation (14.3) verifies the result of Theorem 9.2 that the
integral K,(¢) is nonincreasing. In fact it shows much more, namely that
K,(t) is a completely monotonic function of ¢. In fact it is the Laplace trans-
form of the positive function

2 B[22y
n=0

15. Examples. Let us illustrate the foregoing theory by a variety of
examples.

A. u(x, t) =eosta’t Here u(x, {) CH*, — o <t< . Hence the v-expansion
should converge for all x and ¢.

a
u(x>l)=z—7vn(xyt) —oo < < o,

n=0
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f k(x, Hu(x, —t)2dx = f k(x, [)etar—2a’tdy = g2a’t 0<t< oo,
© 0 a2n .

Zn!(Zl)”|an|2= > @yn = g2a’t 0<t< oo,

n=0 n=0 n!
f k(x, Du(ix, f)2dx = 2"t = 3 nl(—20)"]| a. |? 0<t<cw.

— n=0

B. u(x, t)=k(x—b, t). Here

f | u(x, f) |e"/3tdx < o 0<t< ™,

—0o

so that the w-expansion should be valid there.

k(x — b, f) = 2 w, (%, £) 0<t< oo,
n=0 2"”!
© k(x — b, 1)? , .
(15.1) f B T O e — eV iap(y, 1) x gl = it
0 2 n © b?n
nl{—) |6 (2 = = b/,
,.;o (t) | I rgo nl(26)
Also
1 ]
k(x - b) t) = ;f e""’_"’z¢(3’)d}’, ¢()’) = e_iw’
T —
so that Theorem 12.1 is also checked.
x— b ® b
C. B —b,0) = Y, —— wapa(, £) 0<t< .
14 n—o nl127

This series may be obtained from (15.1) by differentiation. Further series
may be obtained from it by successive differentiation.

u(x, t) = f e~ (=% cosh x(u)'/%du
0

_Mexzu(l—:) £ ¥ + 1 —w << 1
T2 - g L CYTRPYTY R ‘

Compare H. Bateman [3, p. 166, formula no. 35]. Here

(15.2) f | u(x, ) | k(x, ¢ — Ddx < f e*““)“duf Ek(x,c — £) cosh x(u)/%dx.
—00 0 —o

The inner integral is
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e(c=0D% cosh x(u)!/? lz=0 = gle=du

so that (15.2) converges for — » <¢<¢, if c<1. Hence u(x,{) EH*in (— «, 1)
and the v-expansion is valid in Itl <1. Since

#((0, 0) =f e turdu = nl,
0

0

n!
u(x, t) = ——— Vaa(%, ¢ ¢ <1
00 = 5 Lt i
E. u(x, t) = f e~ (=9u ginh x(u)!/%du
0

(.n,)l/zxez’/«t(x—t)
= ——2‘(—1'—:”3—/2 —o <t <1
Compare H. Bateman [3, p. 165, formula no. 34]. Since
I sinh x(z;)”2| < cosh x(u)12,

we see by Example D that the present function %(x, t) EH* on — » <¢<1.

Here
Aont1 = __1_____fwe—uu(2n+l)l2du = M .
(r)2xe140-0 @ T(n + 3/2)
_—— = Z Vony1(%, 1) | ll < 1.

21 — 3 o (Qn+ 1))

Note that this series exhibits the phenomenon mentioned in §5. When x=0
it converges for all ¢ (and even represents the function there), though the
largest strip of convergence is |t| <1. The Parseval equation becomes

0 \ T : «© . xz(t - 1)
St ot =ty - mf L (4t<1 + 0 )

¢ * T 3/2)?
1____=Z__(L/L(2t)2n+l 0<t<1,
2 1 =3 S (2n+ 1!

1

e san()(5)

This is a familiar binomial expansion.

F (x,8) = k(x, ) x e~ e >
. ) = y ) ket = ————— -
u(x x e 1+ )i 1

Here
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1 0
(15.3) u(x, ) = - f em-g(y)dy, B(y) = (w)M2e V14,
TV

Here ¢(y) is of growth (2, 1/4) so we must have a w-expansion for ¢>1/4.
The coefficients are most conveniently obtained by expanding ¢(y) in power
series.

wy i) = (a3 2D

n=0 n !42”

1> 1/4.

The Parseval relation is

(15.4) _* i<2"> (i>2" > 1/4,

(e — )2 S \n/\8

which again may be checked by the binomial expansion.

e 140

G. ulw, ) = () kG, = (1/9) =

Here u(x, t) has the integral representation (15.3) with
80) = ()i,
Hence

Y A

n=0 n !4211

The Parseval equation gives (15.4), the same as in Example F.
H. Blackman’'s example. For B(x, t) to belong to H* in (—c¢, ¢) with ¢ as
large as possible we need

a4+ B2+ ca
= ———
c+ a
?=at+ B = lalz.

The coefficients in the v-expansion are obtained from the power-series expan-
sion of e=="/4s,

By 1) = — i(“l)" o 9 lt| < |al.

(4ma)'’? ;.5 40 n!

The region of convergence may be checked by formula (5.5).
I. u(x, t) =k(x—1y, t+s). Theorem 4.2 gives both the v-expansion and the
w-expansion of this function. For the former
wa(y, $)
nl2»

an =
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considering k(x—1y, t+s) as a function of x and ¢. It belongs to H* for t> —s,
so the v-expansion must converge for lt[ <s. The Parseval equation becomes

0 tn
>

dr(s? — )Y 5 nli2e

P20+

wa(y, 5)? 0<t<s.

For the w-expansion

(3, 5)

b, =
nl2»

Here equation (15.3) holds with

d,(z) — e—iw——uz.
This function is of growth (2, s), so that the w-expansion should converge for
t>s, as seen also by Theorem 4.2. The Parseval equation is

2 1/2 © 2
( ! ) ez = 3 M L> s,
12— s? e (20)"n!
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